Abstract. We study properties of finitely determined corank 2 quasihomogeneous map germs f : (C 2 , 0) → (C 3 , 0). Examples and counter examples of such map germs are presented.
Introduction
The mere existence of corank 2 finitely determined quasihomogeneous map germs f : (C 2 , 0) → (C 3 , 0) can be quite a surprise. Indeed, the three adjectives create tremendous restrictions and examples seems hard to find.
In [7] , D. Mond gives formulas for the analytic invariants of finitely determined quasihomogeneous map germs f : (C 2 , 0) → (C 3 , 0) in terms of the weights and degrees. However, when you try to apply these formulas in the corank 2 case, it is not easy to find examples. Even for homogeneous map germs, we find some examples in [2] or [3] , but it becomes clear that there are strong restrictions.
In this paper, we study several types of quasihomogeneous map germs and discuss when they can be finitely determined or not. Firstly we consider the class of double fold map germs; that is, map germs of the form f (x, y) = (x 2 , y 2 , g(x, y)). We prove that there exist homogeneous double fold finitely determined map germs, but there are no quasihomogeneous ones (with distinct weights).
Then we present a study of finite determinacy of a general quasihomogeneous map germ f : (C 2 , 0) → (C 3 , 0) whose weights of the variables (x, y) ∈ C 2 are respectively ω x = 2 and ω y = 1. Finally, we turn our attention to double cusp map germs; that is, map germs of the form f (x, y) = (x 2 , xy + y 3 , g(x, y)). For this kind of map germs we find examples of finitely determined quasihomogeneous ones, when the weighted degree of g is congruent to 1, 2, 5 or 10 modulo 12. In fact, we show this is a necessary condition for f to be finitely determined.
Generalities
All map germs considered are holomorphic except otherwise stated and we adopt the notation that is usual in singularity theory, as the reader can find in Wall's paper [9] . Throughout, finite determinacy of map germs means finite determinacy under the equivalence given by changes of coordinates in the source and target, that is, A-finite determinacy.
2.1. Finite determinacy criteria. David Mond in his seminal work [6] on the geometry of map germs from surfaces to 3-space shows that finite determinacy of f : (C
, 0) is equivalent to the finiteness of three analytic invariants, namely C(f ) the number of pinch-points, T (f ) the number of triple points and N (f ) that measures, in some sense (sic) the non transverse self-intersections. This is a very useful result to check finite determinacy of map germs, for the alternative would involve quite lengthy calculations of tangent spaces to the orbit of f , under the action of the group A. When f is of corank 1 at the origin we write f (x, y) = (x, p(x, y), q(x, y)) and consider I 2 (f ) the O 3 -ideal generated by the divided differences
is the Milnor number of a defining equation of the plane curve singularity
, 0) and we shall refer to this number as the Mond number of the map germ f . While in [4] all is done for the corank 1 case, few adaptations extend the results to the corank 2 case, as well. We use this criteria, namely, finiteness of the Mond number of f to study finite determinacy of some classes of corank two map-germs f : (C In particular, given a finite map germ f : (C If a quasihomogeneous polynomial p : (C n , 0) → (C, 0) has isolated singularity at the origin then its Milnor number µ(p) can be expressed by the weights of the variables.
and all monomials of p 1 have weighted degrees greater than d.
These definitions extend to polynomial map germs f : (C n , 0) → (C p , 0) by just requiring each coordinate function f i to be quasihomogeneous of type (d i ; ω 1 , . . . , ω n ). In particular, we say that f : (C
, 0), analogous to that of Milnor/Orlik for isolated singularity function germ, has been obtained by David Mond. 
Double fold maps
By means of changes of coordinates in the source and in the target, all corank 1 map
Thus, a multiple point problem for a corank 1 map germ is reduced to a one variable problem. This is not the case for corank 2 map germs, since no obvious normal forms are available. However, for some special classes of corank 2 map germs some reduced forms are obtained; for instance, the double fold maps, that is map germs f : (C , y) ). Indeed, by taking again coordinate changes and using the Malgrange preparation theorem, any double fold map germ can be written in the form
). Proof. (i) The image of f has defining equation F (X, Y, Z) = 0, where F generates F 0 , the zero Fitting ideal of the presentation matrix of f ; that is, the determinant of the presentation matrix of the push forward f * (O 2 ) (see [8] ). In this case, the presentation matrix is 
This yields
Hence, using proposition 2.1 above, D 2 (f ) has defining equation (ω x , ω y ) . By the definition of quasihomogeneity we have four equalities:
We will distinguish two cases: 
, p(x, y)). If f is finitely determined then f is homogeneous and the degree of p(x, y) is odd.
, 0) be a double fold map germ and assume that it is finitely determined and quasihomogeneous of type (ω 1 , ω 2 ), with
, y 2 ) having weighted degree d. We distinguish two cases according to the parity of ω 1 , ω 2 . Since, by definition, ω 1 and ω 2 have no common factor, we do not consider the case where both are even. In order to simplify the notation, given an integer n, we will denote its class modulo 2 by n. 
for some k, l, r such that rω 1 ω 2 + kω 1 + lω 2 = d and coefficients a r , . . . , a 0 ∈ C. We recall from the proof of proposition 3.1(ii) that the defining equation of
Since f is finitely determined, p 1 and p 2 are both reduced and have no common factor. In particular, we must have k, l ≤ 1. Let us consider all possibilities:
(1) k = l = 0. We have r = 1, moreover
Therefore, x
divides p 1 and y
divides p 2 . Since we have assumed w 2 ≥ 3, p 1 is not reduced. (2) k = 0 and l = 1. We have r = 0 and
In this case, we have that x
divides p 1 and it is not reduced. (3) k = 1 and l = 0. We have r = 0 and
divides p 2 and it is not reduced. (4) k = 1 and l = 1. We have r = 1 and
Therefore, x ω 2 y divides p 1 and xy ω 1 divides p 2 . In particular, they have a common factor.
Finally, the value of the A e − cod(f ) is necessarily an integer. A simple calculation shows that this can only be achieved if the degree of the coordinate function p(x, y) is odd. 
Let us consider, for example, f (x, y) = (x Since λ is clearly non-degenerate, f is finitely determined. Moreover, it has Mond number µ(λ) = (2a + 2)(2b + 2). Table 1 It is not difficult to check, with the aid of a computer, that all of these map germs are finitely determined, by just following the same routine calculation used in 4.1. In fact, it is also possible to produce examples for other higher values of d congruent to 1, 2, 5, 10 modulo 12.
